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Abstract 

We construct an example of a smooth map C — )• which vanishes 
to infinite order at the origin, and such that the ratio of the norm of 
the z derivative to the norm of the z derivative also vanishes to infinite 
order. This gives a counterexample to strong unique continuation for 
a vector valued analogue of the Beltrami equation. 

1 Introduction 

I 

We will construct an example of a smooth function u : C — )■ which 
has an isolated zero of infinite order at the origin (||2;~'^u(z) || — )■ as z — 
for all A; > 0), and where the ratio of norms of derivatives ||u2||/||uz|| is 
small, also vanishing to infinite order at z = 0. This behavior is obviously 
different from that of a map u with Ug = 0, which would be holomorphic 
and could not have an isolated zero of infinite order. This vector valued case 
is also different from the complex scalar case, where solutions m : C — )■ C of 
the well-known Beltrami equation Uz = a{z)uz, for small a{z), also cannot 
vanish to infinite order at an isolated zero (jB], |CH] . |AIM] . jR]). 

More precisely, we will show in Section H] that in a neighborhood of the 
origin, u(^) is a solution of a Beltrami-type system of differential equations, 
which is linear, elliptic, and has continuous coefficients very close to those 
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of the Cauchy-Riemann system, but does not have the property of strong 
unique continuation. 

The construction was motivated by an example of Rosay ([R]) and ques- 
tions posed by [IS], who were considering the unique continuation problem 
for systems of equations from almost complex geometry. 

In Section |21 we develop a general framework for constructing smooth 
maps C — 7- vanishing to infinite order. In Section 121 we present both 
Rosay's example and our new example. In Section [5] we state some open 
questions. 



2 General Setup 



2.1 Annular cutoff functions 

Start with a real valued function s(x) which is smooth on M, with s = on 

(i) = 2, = 0, and s = 1 on 



-4' 4]' '^'^2) 



1 1 
2' 



[0,i], s increasing on 

For ri > and two parameters < r < ri and < Ar < ri — r, denote 
the annulus Ar^Ar = {z = x + iy E C : r < \z\ <r + Ar} (contained in the 
disk -Dri), and define a family of functions Xr.Ar '■ ^r,Ar — )■ M by the formula 

Xr,Ar{^) = ^ (■^^7")- ^ particular point z = {x,y) G Ar^Ar, 



dx t-^'''^^^^' 



d_ 

dx 



Ar 

/ ( a/x^ + — r 



X 



Ar 

^1 — r' 
Ar 



r/2 Ar 



Ul Ar 



The y derivative is similar, and the z, z derivatives are complex linear com- 
binations. In particular. 







^ i \ 








^ ( \ 













Ar 



r\ X + iy 
2|z|Ar 



< 



moi 
Ar 



(1) 



(2) 
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for some constant moi > not depending on ri, r or Ar. 

For higher derivatives of Xr,Arj ^^e following Lemma is a simplified version 
of the Faa di Bruno formula for derivatives of composites. 

Lemma 2.1. Fork > 0, there exist polynomials Pabd^i, X2, x^) , qabc{xi,X2,X3) 
indexed by a,b,c > 0, a + b = k, c < k, with constant complex coefficients 
(not depending on ri, r, Ar, or s), so that 



Qa Qb 



XrArKZ 



(c) (\A^2l\ Pabcjz, z, Ar) + \z\qabc{z, z, Ar) 



c=0 



Ar 



|zp^(Ar) 



Proof. The k = case is trivial and the k = 1 case is stated above. We 
record the second derivatives: 



dz 



^XrAr{z) 



Q2 

dz"^ 



XrAr{z) 



\z\ — r 



z 



dzdz 



-XrAr[Z) 



Ar J 4|z|2(Ar)2 
|2| — r \ 1 



+ s' 



\z\ — r 



Ar J 4|zPAr' 



(3) 



Ar J 4(Ar) 



(■ 


z 


— r\ 


1 


Ar J 


4 


z 


Ar 



The proof for all larger k is by induction on k; the calculation is straightfor- 
ward and omitted here. I 

It follows as a consequence of the Lemma that there are positive constants 
mab (indexed hj a,b > 0, a + b = k, and depending on the choices of s and 
ri, but not depending on r, Ar) so that 



ga Qb 



max 



g^Q-,XrAr[Z) 
g^Q-,XrAr{z) 



< 



< 



mab 



\z\'^^(^Ar)^ 
mab 



In various cases, in particular = 1 as in ([2]), the r^'^ can be improved (with 
a smaller exponent), but it is good enough to use later in Lemma [2. 3 [ 



2.2 The basic construction of the examples 

Let r„ be a real sequence decreasing with limit = 0. Denote Ar„ = r„ — r„_|_i. 
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Let A„ denote the closed annulus 



— ^r„+i,Arn — £ C : r„_|_i < \z\ < r„}, 

so the union is a disk: D^.^ — (UA^) U {0}. The annular cutoff functions can 

be indexed by n: Xn = Xr„+i,Ar„ : A„ R. 

For n E N, let p{n) be an increasing positive integer sequence. Let F(n) 
be a positive real valued sequence. Define a function u : Dr^ by 

and on the annulus A^, for even n: 



u(0) 







u\z) 
u^{z) 

u\z) = (4) 
u\z) = Xn{z)F{n-l)zP^^-'^ + {l-Xn{z))F{n+l)zP^-+'\ (5) 



For odd n, switch the formulas for u^, u^. 

So far, for any s, r„, p, F, the function u is smooth on Dr^ \ {0}. We 
also have that u and have non-zero value at every point of Dj.^ \ {0}; for 
n even (and switching indices if n is odd): 



> 



d_ 

dz 



u 



(6) 



2.3 Smoothness at the origin 

An important property of the examples u : D^^ we want to construct is 

that they are smooth at (and near) the origin. It is not enough to check only 
that the components vanish to infinite order. In general, as easily constructed 
examples would show, for functions / : M.^ M"^, / can vanish to infinite 
order at the origin: 

for all whole numbers A;, but need not be smooth. Our approach to proving 
smoothness of our examples will be to show v}, u^, and all their higher 
partial derivatives approach 0; this implies vanishing to infinite order, as in 
the following Lemma. 
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Lemma 2.2. Given / : \ — !■ M}, suppose f is smooth and for each 
j,fc = 0, 1,2,3,.., 

Then extending f so that /(O, 0) = defines a smooth function on that 
vanishes to infinite order at the origin. 

Proof, f is continuous at by hypothesis {j = k = 0). To show / is smooth, 
we only need to show every partial derivative of order i of f exists at 0, and 
has value 0; then it follows that for k + j = £, ^ g^Igyf^ is continuous at 0. 

The proof is by induction on i; suppose for any non-commutative word 
x^^yn ...x^-y^b with ki + ---ka+ji + ...+jb = k+j = i, g^k,yj^..^k,yjj ix,y) 

exists at and has value 0. Then, the x-derivative at the origin is (with the 
^/-derivative being similar): 



d f d^f{x,y) 



dx \ dx^^ y^^ ■ ■ ■ x^'^ y^b 

9* 



(0,0) 



t^o t 
= lim — . 

t->-0 t 

Let^(t) = g^f{t,0); thenlim^(t) = by hypothesis, and^'(t) = a|^/(t,0). 
L'Hopital's Rule applies to the above limit: 

hm^ = lim^=lim-^/(t,0) = 0. 

t^o t t->o 1 t^o dx^+^yi J \ ^ I 

The property of vanishing to infinite order follows from Taylor approximation 
at the origin. I 

For our examples u, we want to choose r^j, p, and F, so that u is smooth 
and vanishes to infinite order at 0. The following criterion for smoothness 
will be verified for both the Examples in Section [31 

Lemma 2.3. // (^^'^^"/r"'' ) ^■^ ^ hounded sequence and, for each integer k > 
0, 

lim 7-r — = 0, (7) 
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then u is smooth and vanishes to infinite order at the origin. 

Proof. From Lemma 12.21 and the construction of u, it is enough to show, for 
any non-negative integers a, b, with a + b = k, that 



max 



dV f d 



dz \dz 



u 



max 



dV f d 



dz \dz 



u 



both have hmit as n — )■ oo. 

The following estimates for the derivatives assume n is sufficiently large 
compared to k. The derivatives of n} = F{n)zP'^"'^ @ are easy: 



dz J \dz 



u 



< I F{n)p{n) {p{n) - 1) ■ ■ ■ {p{n) -k + | 

< F(n)(p(n))VP(")-'= 



(8) 



The derivatives of u'^{z) ([5]) are considered one term at a time. For the 
first term: 



F n-1] 



dz 

2" 



d_ 

dz 



ai+a2=a 



Xn[Z) 



dz 



The sum is over the 2°' terms (with many repeated) that result from applying 
the product rule a times. 



By Lemma [2. H 



d 



and 



d_ 

dz 



0.2 



z 



dz 



p(n— 1) 



d 



dz 



< 



m 



ait 



|;2|2(ai+&)(Ar„)"i 



= p(n - 1) • ■ ■ {p{n - 1) - aa + 1) 
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Let mfc = max rriab- Then 

a+b<k 



< F(n-l)2"max 



ai<a \ |2|2(«i+^)(Ar„)"' 



+b 



a2<a 



< F(n-1)2"- 



^ ok^ F(ri-l)(p(n-l))V; 



n 



Similarly for the second term of 



(9) 



d_ 

dz 



d_ 

dz 



((1 - Xn{z))F{n + 



(10) 



So, the criteria for all the derivatives of u to vanish at the origin are that 
the expressions ([8]), ([9]), and (fTOj) must all have limit as n — )■ oo. The 
hypothesis ([7]) is equivalent to (ITUl) — > 0. Comparing (ITU]) to ([HD by shifting 
the index in (jH]) from n to n + 1, this scalar multiple of fllOl) is much larger: 



F{n + l){p{n + l)fr 



kv(n+l)-k 



>F(n + l)(p(n + l))VX- 



so if (iTOl) has limit 0, then so does ([H]). 

(TTOl)— )• also implies F{n + l)r^^'^^^ — )• 0, which is enough to show u 
vanishes to infinite order: ||z~^u(z)|| — i- as 2 — )■ 0. 

Shifting the index in ([9]) from n to n + 2 gives the following quantity (fTTj) . 
which is comparable to (11 01) : 

F(n+l)(p(n + l))'=rS+^)-^^ 



(Ar„+2) 



(11) 



. F(n + l){p{n + l))'=r^j("+^)~^'= (Ar„/r„)' 



(Ar„/r„)'= 
7 



(Ar„+2/'^n+2^ 



(CD also implies (E])^ 0. 



and under the additional hypothesis that ^ bounded sequence, 



2.4 Comparing first derivatives 

IIUzll 

We want to choose F, p, and r„ so that j — ^7 is small, as 2 — > 0. For z G An, 

n even (and switching indices if n is odd), expanding the derivative and using 
(El) gives: 



dz 

< !!}^F{n - l)\zf^-'^ + ^F(n + l)\zf^+'^ 



Using (E]) and introducing a factor (^(n) > 0, for z G An. 

, , F(n - iK^^r'^-^^") + F(n + 



|us|| ^ moirng[n) 



(12) 



||u^|| Ar„p(?2) g{n)F{n) 

The first fraction in the product is what we want to make small for large 

Ar 

ra, depending on p and — -. The second fraction we would like to make 

bounded, depending on F and r„, and an arbitrary fudge factor g. The 
role of g is to manage the size of F and simplify the calculation proving 
boundedness of the second factor, possibly at the expense of affecting the 
rate at which the first factor approaches 0. 



3 Examples 

Example 3.1. Rosay's example ([Rj) has p{n) = n, Vn = 2~^^^, and = 
i. Then ( !T2|) becomes: 

||u.-|| < moi2g{n) [F{n - 1)2" + F{n + 1)2-"+^] 
~ n g{n)F{n) 
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The choice, as in ([R]), F(n) = 2"'/2, satisfies the recursive formula 

F(n- 1)2" = ^(n)F(n), (14) 

with g(n) = \/2. This simphfies the second factor of the RHS of ( IT3ll . so it 
is easily seen to be bounded. The conclusion is jj^ < ^ for z G v4„, and 
since - < , ^ , < on Ar,, 



n— 1 



< 



log2 \z\ 



(15) 



for all zeDi\ {0}. 

To check that u is smooth and vanishing to infinite order at the origin, 
it is enough to verify the condition of Lemma [2.3j for each fixed k >0: 



lim 

n— >oo 



2{n+l)2/2^^ _|_ -|^^fc^2-"+l)("+l-'^'=) 
(Fl)^ 



0. 



The goal of the next example is to improve upon the order of vanishing 
of the ratio ffTSll. 



Example 3.2. Consider 



ln(n+l)' '^l ~ ln(2) 

This radius shrinks much more slowly than in Example 13.11 Since 



1.44, ra 



1 

ln(3) ' 



lim 



ln(n+l) 
ln(n+2) 



n^oo l/(n ln(n + 2)) 
there are constants C2, C2 > so that for all n: 



C2 



< 



, ln(n + 1) 
1 - ^4 rf < 



Co 



n\n(n + 2) r„ ln(n + 2) nln(?T, + 2) 

Let p{n) = then the inequality f|T2|) becomes: 
moi ■ (nln(?T, + 2))g{n) 



(16) 



< 



C2n 
F{n - 1) 



1 



ln(n+2) 



-2n+l 



Fin + l) 



1 


2n+l" 


ln(n+l) 





g{n)F{n) 
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This motivates, in analogy with the previous Example, this choice of g and 
a recursive formula for F{n) as in (IT^ : 

g{n) = ln(n + 2), 
F{n) = (ln(n + 2))[2"-2lF(n- 1) 

= (ln(n + 2))[2"-2l . (ln(n + i))[2{«-i)-2] . . . (ln(5))^ • (ln(4))2 

= [(ln(n + 2))"-i ■ (ln(n + 1))"-^ ■ ■ ■ (ln(5))2 ■ (ln(4))^] ' . 

Then the following sequence of ratios is bounded above because it is conver- 
gent as n — )■ oo: 

F{n - l)(ln(n + 2))[^"-^l + F{n + l)(ln(n + 

g{n)F{n) 

^ Fjn - l)(ln(n + 2))^"'^ + '''''''^'^'^^^^^^^^^ 
ln(n + 2)(ln(n + 2))l2"-2]F(n - 1) 
(ln(n + 3))2" 



< c,. 



ln(n + 2)(ln(n + 1))I2"+11 

Here we used the elementary calculus lemma that ^ ^"p"^)^"* j is a bounded 
sequence. 

The estimate for the ratio of derivatives on A„, for even n, becomes: 



^^11 ^ l^il ^ ""^01 ■ liil'^ + 2)) ln(n + 2) 
moi(ln(n + 2))2C3 C4(ln(n + 2))^ 



lu^ll lull 02^2 



C2n n 

\2 



(17) 



For 2; e A. 



n + 2 ^ ^ 



1 , , 

< z < 



ln(n + 2) ~ ' ' ~ ln(n + 1) 

(ln(n+l))2<^<(ln(n + 2))2 

1^1 

1 1 , 1 

< exp(— — ) < 



n + 2 \z\ n + 1' 



10 



so 

IIUj; 



< a 



||U,|| ^ ^^|2;|2exp(^)' 

for all z G -Dn \ {0}. It remains to check that u is smooth, and vanishes to 
infinite order. The hypothesis on Ar„ of Lemma [2.31 is satisfied (using (fT6|) ). 
so for fixed consider the expression: 

F(n + l)(p(n + l))V^^("+')~^' 



(Ar„/r„; 



k 

(n+l)2-4/c 



[(ln(n + 3))"(ln(n + 2))"-i ■ ■ ■ ln(4)]' {{n + 1)^) 



2\k I 1 



ln(n+l) 



ln(n+l) ^ ^ 



< 



< 



ln(n+2) 

[(ln(n + 3))"(ln(n + 2))"-i ■ ■ ■ ln(4)]^ {n + if 



(ln(n + l))("+i)'-4fc 



C2 



n ln(n+2) 

[(ln(n + 3))"(ln(n + 2))"^^ ■ ■ ■ ln(4)]^ (n + l)3'=(ln(n + 2))^ 



4(ln(n + l))("+i)'-4fc 
The last expression has hmit zero by the Ratio Test: 

((ln(n+3))"-ln(4))^ . fr) -H ^SfcHnr^ -^ 9^^^= 

(ln(n + 4))2"+2(ln(n + l))("+i)'-4'=(n + 2)3'=(ln(n + 3))* 

(ln(n + 2))("+2)'-4/=(n + l)3fc(ln(n + 2))^' 
(ln(n + 4))2"+2+^(n + 2)=^fe 
< (ln(n + 2))2"+3+fc(n + l)3fe ^ °' 

again using the boundedness of ( ^^i^^"^^ 
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4 A Beltrami-type system 



Any smooth map u : C — t- 



u 



u 



satisfies the following Beltrami- 



type system of first-order differential equations at points where 7^ 0: 



112 



212 



u\u\ u\ul 





\u\\ 











(19) 



Q2x2(2;) 



ul 



For u constructed as in Section [2], on the annuli A„ with even n, u\ = 0, so 
the first row of the matrix in (1191) is [00] , and similarly the second row is [00] 
for odd n. Define Q(0) to be the zero matrix. 

For a matrix Q,{z) defined as in f|T9l) by some fixed function u, the operator 
d d 

£ = — — Q(^)— is complex linear. If, on some neighborhood of z = 0, the 

oz oz 

Qiz) entries are defined and small enough, then C is elliptic (in the sense of 
[ATM] Section 7.4). 

In the following Theorem, we consider Q(-2) for the example u{z) from 
Example 13.21 If we restrict u and Q to 2; in some sufficiently small neighbor- 
hood of the origin, u will be a solution of the elliptic equation £(u) = 0. 



denote the i,j 



Theorem 4.1. For u as in Example \3.S\ let qij{z) 
entry in the matrix Q,{z) from (fT9!) . 

. g,, gC-(d,, \{0})nC0(AJ; 

• qij vanishes to infinite order: \z^''qij{z)\ — > as 2; — > for any k > 0; 

• The partial derivatives exist at the origin: ^Q'ii(O) = ^^■(O) = 0; 

• For any < r < ri, ^22 does not have the Lipschitz property on Dr- 

Proof. The C°° claim follows from the smoothness of u on and the non- 
vanishing of for 2; 7^ 0. 
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The sum + |gi2p + |q'2iP + |Q'22p is exactly - — which vanishes 



to infinite order as z — )■ for u as in Example 13.21 It follows that each 
Qij also vanishes to infinite order, which implies Q and the entries qij are 
continuous at the origin, with the previously assigned values qij{0) = 0. The 
fiatness also implies the existence of all directional derivatives at the origin 
of C = M^; for the x direction, 



d_ 

dx 



J {x,y)={Q,0) ^ 

The last claim takes up the rest of the Proof; the plan is to show there 

IS 



..2.,2 



is a sequence of points G C approaching so that 

oz \\Uz\\^ 

an unbounded sequence. If ^22 had a Lipschitz property on Dr (|q'22(-2i) — 
'?22(-22)| < K\zi — Z2I for some K and all zi, Z2), then its derivatives would 
be bounded; the unboundedness of the derivative also directly shows ^22 ^ 

C\Dr). 

It is enough, and simpler, to consider only n which are even and suffi- 
ciently large. This will involve some estimates for derivatives that are more 
precise than IQ. 

We choose the sequence Xn = r„+i + |Ar„ + Oi G A„; then by construction 
of s and Xn, XnM = |, and gives ^{xn) = = From ([3]), 

9 Xn / \ d Xn / \ d Xn / \ 1 

{Xn) ^ T^yXn) o \Xn 



dzdz dz"^ dz^ 2x„Ar„ 

(this is where we use the s"(|) = assumption, to simplify the calculation). 



For r„ as in Example E^l n^(^ < x„ < j^^^^, and Ar„ - ^^^^^ 
in(n+2) satisfies 

< C6n(ln(n + 2))^ < < C6n(ln(n + 2))^ 
In the following expression. 



9^ llu^ll^ ||u^||' llu^ll^ ||U 

Ul-.UI , Ulul^{u\ul + ^2^,2) _ m2_m2(^1^1^ + y2_^2 + ^2^2 



Z2;/ 



(20) 
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the terms with the largest magnitude are the ones involving the second z- 
derivatives, and m^^. Evaluated at points in the sequence x„, these terms 
individually grow at least as fast as some constant multiple of n. However, 
due to some cancellations, the overall growth rate turns out to be less than 
ra; the Theorem will be proved by showing one of the terms is unbounded 
and the remaining terms have a slower rate of growth. 

The first cancellation is that the second and last terms in the numerator 
of the second fraction in (l20l) are exactly opposites. This leaves two terms 
with 2;2;-derivatives; using the power rule on v} = F{n)z^ in the interior of 
An gives: 



(!20|) becomes: 



lluJP^ 



{rfl — \)u\ 



lluJ|4 • 



(21) 



We will show that the last of the three terms in ( !2T|) is the dominant one. 
First, consider the ratio: 



+ F{n + + (1 - + 1) V'+2") 



(22) 



/ F{n)n z 



2 n^-l 



The following calculation for 2; G v4„ is similar to that for the estimate f[T7|) . 



< 



F{n - 1) 




dXn 

dz 




z 


(n-l)2 




z 


■n?-2n 




z 





F{n + l) + (1 - Xn){n + l)2|2|"'+2n 



F(n)n2|2|"'-i 

From Example[321 recalling F{n) = {\n{n + 2)f''-^ F {n - 1) , j^^^^ < \z\ < 



, ,^-7TT, and l^^l < it follows that there is some constant C7 > 1 so 

ln(n+l) ' \ oz \ — Ar„ ' ' 

that 

< C7ln(n + 2). (23) 
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To estimate the denominators of fl2ip . 



112 



1 + 



<l + {C-j\Yi{n + 2)y 



< C^{Hn + 2)f\u\\\ 



So we get a lower bound for the third term in fl2T|) . 



> 





41 




2 






ciiH 


n + 2)y\ 


< 


4 



and consider f lMl) one factor at a time. 

■ F(n- l)2(""i)' 



1^ 



dz 



dz 



■ F{n + l)z(' 



(n+l)2 



\U 



2n 



|F(n)n2z"'-i| 
1 



(24) 



(25) 



(ln(n + 3))2"x2"+2 



> C6n(ln(n + 2))^ 
C4(ln(n + 2))2 



(ln(n + 2))2«-2n2a,2n-2 

(ln(n + l))2"-2 



(ln(n + 3)) 



2n 



(ln(n + 2))2"-2n2 n2(ln(n + l)) 



2n+2 



> 



n 



(26) 



This lower bound f l26|) is comparable to the upper bound ( !T7|1 . which is used 

I 2 1 

in the next step to find a lower bound for ^ fl22|) . Note that the expression 
( l22l) has two terms which, using the equality of and when evaluated 



at Xn, match two of the terms from ui in 



+ 



{n-lf 



2(ln(n + 2))2"-2n2a;2"-i 
(ln(n + 3))2"(n + 1)2x2"+! 



> 



2^2 

(n- l)2(ln(n + l))2"-i 
2(ln(n + 2))2"-2n2 
(ln(n + 3))2"(n + l)2 
2n2(ln(n + l))2"+i 

> c,ln(n + 2)-C4Mi±^_c,o 



n 



\n{n + 1) 



> C7ln(n + 2). 



(27) 
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This lower bound is comparable to the upper bound ( I23p . The remaining 
factor from fl24D involves second derivatives: 



> 



F{n-1) 

-F(n + 1) 
F{n-1) 



dzdz 



dxr. 



dz 



F{n)TT? 
_F(n+ 1) 
F{n)ii? 



dzdz 
dx 



dz 



{n - lY\z 



dz 



2i |-2n+l 



/\F{n)n^z 



2 ra^-l| 



-2n+2 



dzdz 



\2n+2 



+ 



dXn 



dz 



dzdz ^ 



Evaluating at Xn (again, for sufficiently large n) 



\ut 



> 



2n-2 



(ln(n + 2))2"-2n2 \^Ar„x2"-i 2x„Ar„ x^' 



> 



(ln(n + 2))2"-%2 



(c6n(ln(n + 2))2(n - l)2(ln(n + l))^"-! 



--C6n(ln(n + 2))2(ln(n + 2))2"-i 



(ln(n + 3))2"C6(ln(n + 2))^ 



2(ln(n+ 



(ln(n + l))2n+i 
> ciin{\n{n + 2)f . 



(28) 



So, the term from (12^ is bounded below by a product including factors from 
(EID, (EZD, and (ET 



> 



C4(ln(n + 2))2(c7ln(n + 2)fciin{\n{n + 2))^ 



nClihiin + 2))^ 



> Ci2(ln(n + 2))= 



(29) 
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From the second term in (^T^, we consider the following quantity: 

2 in' - l)ul 



2 n-'-2n 

A/ 



+Xn ■ {n - l)\n' - 2n)z 

+F(n + 1) f _ 2^(n + 

V oz^ oz 



+ (1-Xn) • {n + l)\n' + 2n)z 



n^+2n-l 



.Fin - l){n' - 1) ('^^"'-^" + Xn ■ [n - ifz^'^^-^ 



-F{n + l){n' - 1) 



The cancellation of the rt^ quantities is the key step. The ratio 



(n^ - l)ul 



(n-iy 



■ dz 

-X„-(n-l)^(2n-l)^"'-2«-i 



+ ^{n^-An + 3)z 



•n?—2n 



+ (1-Xn)(n+I)'(2n+1K 



dz 



n^+2n-l 



I F{n)n z 



2n''-l 
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has an upper bound on the x„ sequence: 



^2 _ (n^-l)M^ 

ZZ z 



Mi 



< 



+ 



n2-4n + 3 {n-\f{2n-\) 



(ln(n + 2))2'^-2n2 V2x„Ar„a;2"-2 Ar„x2"-i 



^ (ln(n + 3))2" / ^ (n^ + 4n + 3)x2"+i ^ (n + l)2(2n + l)^^" 



2x„Ar^ 



< 



+-(« - l)=(2n - l)(lti(n + 2))'" 



1 



(n + l)2(2ra + 1) 
^ (ln(n+l))2" 
< Ci3n(ln(ri + 2))3. 



(30) 



The middle term from (pTj) . evaluated at points x„, has factors bounded by 



IIID, dZID, and iOD: 



< 



u 





























Xn 1 ^ 1 



< a 



(ln(n + 2))^ 



n (c7ln(n + 2))4 
< Ci4ln(n + 2). 



Cnn{\n{n + 2))= 



(31) 
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The first term from fl2ip involves tlie second z-derivative: 



mi 



\F {71)71^ Z'^-^\ 



\u% 



< 



< 



< 



F{n - 1) 
F{n)n'^ 
1 



Fin+V. 



F{n)iT? 
1 



\2n+2 



C6n(In(n + 2))2 /(ln(n + 2)) 



n 

\2n-l 



+ 



+ (ln(n + 3))2-x^"+2 
(ln(n + 3))2" 



< C 



2n2 V(ln(n + 2))2"-2 (In(n + l))2"+i 



15" 



Tlie first term from ( l2Ti) also approaches for large n: 

(ln(n + 2))3 



< 

-1 a^Ti 












lluzIL 



< c 



15" 



The conclusion from fl20l) and f l21l) is: 

(9 



9z ||u,||2 



> Ci2(ln(n + 2))'^-Ci4ln(n + 2) -Ci5 

Cl6 



(ln(n + 2))= 



n 



> 



5 Remarks and Questions 

Remark 5.1. The regularity of the coefficients is an important consideration 
in the analysis of unique continuation properties for some PDEs (for exam- 
ple, |LNW] for strong UCP, and |IVV] for weak UCP), which is why we 
presented the detailed Proof of Theorem 14.11 However, we do not yet un- 
derstand the sharpness of Example 13.21 and Theorem 14.11 for this particular 
unique continuation problem; would improved regularity of Q{z) (in addi- 
tion to the flatness property) imply a strong unique continuation property, 
or, oppositely, is there some counterexample where Cl{z) is smooth? 
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Remark 5.2. [R] shows how Example 13.11 can be modified so that the origin 
is a non-isolated zero of u; it is a matter of replacing quantities z'^ in 
([5]) by z^~^{z — ttn) for a sequence an and re- working the cutoff functions 
Xn- Our Example 13.21 can be modified in an analogous way but we have not 
worked out all the details. 

Remark 5.3. By a construction analogous to (fT9|) . the function u from Exam- 
ple E^l also satisfies a real linear, elliptic equation of the form = Q2x2Ul- 
Q(z) is not the same as Cl{z) but also has entries vanishing to infinite order. 



Remark 5.4. Another differential inequality, considered by [Rj, is \\uz\\ < 




K\\u\\°'\\U;;\\, for < a < 1. Our attempts to use the construction of Section 
[2]to find smooth functions u satisfying the inequality and vanishing to infinite 
order at an isolated zero have not yet met any success. proves a weak 
unique continuation property for a = |, but the strong property remains an 
open question. 
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